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Abstract. Relations between harmonic and radiating coordinates are investigated for the
case of asymptotically flat space~times, and an approximation to the ‘Bondi news function’
in terms of the energy-momentum tensor is found.

1. Introduction

In investigating the behaviour of space-times at large distances from bounded sources,
several authors have used null radiating coordinates (Newman and Unti 1963, Bondi
et al 1962, Papapetrou 1969). The interpretation of the behaviour of space-time in terms
of the behaviour of its sources is difficult to achieve in radiating coordinates, and so we
would like to have transformations from radiating coordinates to other coordinates in
which the interpretation is easier.

In § 2 of this paper a derivation is given of the relations between the null radiating
coordinates of Newman and Unti (1963) and harmonic coordinates. Relations between
radiating coordinates and harmonic coordinates have previously been investigated by
Isaacson and Winicour (1968) and by Madore (1970, and references therein), whose
methods we follow fairly closely.

In § 3, using the results of § 2, we obtain a formula for the ‘Bondi news function’ in
terms of quantities dictating the behaviour of the metric in harmonic coordinates, this
formula having been previously obtained by Madore (1970) using a different technique.
Finally, using this formula we are able to express the news function in terms of the energy-
momentum tensor.

2. Transformations between harmonic and radiating coordinates
The solutions of Newman and Unti (1963) in null radiating coordinates (u, r, 6, ¢) are
given by:
g =1, g = g% = g% = 0,
g = —1-WS+¢r ' +0(r"?),
= Re(@c°)r 2+ 0("3),
g? = Im @c®)r 2+ 0(r73),
g% = —r 242Red® 3+0(r %,
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9, 0% are independent of r and ¢°(u, 6, ¢) is an arbitrary bounded function.
The wave equation

(I);v;v _ 0,

with the above metric and assuming that
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becomes, using the results of Newman and Unti (1963),
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(for definitions and properties of the 3, 8 operators see Newman and Penrose 1966).
Taking x* to be harmonic coordinates, they satisfy

(fa);v;v =0, (2)
and the metric components in harmonic coordinates g*# are given by

ox* ox?

2B — uv

ox® axvg

On taking the quantities X* to satisfy the same order of magnitude conditions as @,
we seek an asymptotic solution to (2) of the form

X~ A*+Bu+C*Inr+Dr+Er 'Inr+Fr! (3)
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where : (a) A% is constant; (b} B*, C% D* are independent of r and u; and (c) E* and F*
are_independent of ». On substitution of (3) in (2) we obtain: (a) B* is constant;
(b)00B = —2B+2A;and (¢)

oE* 2|0 -0‘3"'0 15%,.0) _ ®x 42 _
Zau —-C*-2D (31;2+0' a—u+2360' 90A4* = 0.
We assume that when
(o}
0 = T3+5°% + 455"

there exist an m independent of u such that
4LJ'J.QSin9d9d¢—>——m as u — oo (or —o0),
n

and where integration is over the unit sphere. Defining AQ by
AQ =Q0+m

we may take for transformations (3)

X ~u+r+2mlnr+

f AQ du)r‘1 Inr+E% !

X ~ Rn®+ E% !
where
n® = (sin 8 cos ¢, sin 0 sin ¢, cos 0),

and
R = r-—m+( f AQ du)r'1 Inr.

The metric in harmonic coordinates now takes the form
g° =" +h"r ' +2A0k*k’r tinr
and the metric density is given by
(—2)'2%g" = n* +b*r '+ 2AQk*k’r ' Inr 4)

where k* = (1,n°), n** = diag(l, —1, — 1, — 1) and b*, h** are independent of r. (It
should be noted that Greek indices range from 0 to 3 and Latin indices from 1 to 3.)

3. The news function
In obtaining their solutions Newman and Unti (1963) used the complex tetrad
I*, n*, m*, m* where
Fn, = —mm* =1
(all other products zero), and

gaﬂ = 21(anﬂ)_2m(amﬂ)_
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Newman and Unti found that

-1
mt = (0,007 1), 5™ + 0073, T2+ 003,

«/

¥ =(0100),
n* = (1’ —%+O(r-l)s O(r—S), O(r_3))

and that the scalar

az =0
Vo = = Copa™ it = — 271400 )

where C,;,5 is the Weyl conformal tensor expressed in null coordinates. On transforming
¥, to harmonic coordinates, we obtain

¢4 = = Caﬁyabaéﬂbyéd (6)
where
ox"
b* = 5xvnv ~ %(1’ _na)’
ox* 1
T Voo a
¢t =oam \/2(0, on®)

and C,;,4 is the Weyl tensor expressed in harmonic coordinates.
The asymptotic behaviour of the Weyl tensor in harmonic coordinates, on using (4),
is given by

Caprs ~ i k[,a bayksys

where b,; = b*n,n,;, and as a consequence we will have from (6) that

¢l4 ~ —Er c'C a—uz‘ (7)

It is easily seen that, if we now assume that ¢° is reasonably bounded and smooth as
u — o0, the ‘Bondi news function’, 36°/du, on comparing (5) and (7), is given by
d0® 1 ob,,

—dn“dnt

Fray B ®)

For slowly moving sources, it may be shown (see appendix) that

bt ~ [a_oz f(T°°x“>—cb)d3x +n —jf QT Cx"% - TO%" b)d%‘c] ©)
|Z0=u
On combining (9) with (8), we will then have
80® 1 00 Occazhy 435
= EB“Bn 6'03 (T%%x"x® X% — TOx°x%) d®x . (10)
|X0=u
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4. Conclusion

We have investigated connections between harmonic and null coordinate systems, and
via formula (10) we have obtained an approximate formula for the ‘Bondi news function’
in terms of physical quantities.
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Appendix

We define y** by (—8)'/?g** = n*" +7*", and assume there exists a small dimensionless
parameter / in which we may expand all quantities.

We assume that the sources of space-time are slowly moving, and as a consequence
introduce, in the region of the sources, the inner variablest = i%% x°. Thenin the source
region we assume

,})00 _ lZin.})00+23iny00+ e
2 3

,yOa - A3in.‘/0a+ e,
3

.yab - A41nyab+;‘51nyab+ e,
4 5

and for the energy momentum tensor T#°

T = J2TO04+ 24T+ ...
2 4
TO = 3T+ 13T%+ ..,
3 5
T® = 2*T®+ 28T+ ...
4 6
where y** and T** are functions of (¢, X%). The Einstein field equations

G" = —8aT* (A.1)

using harmonic coordinates, yield

VZ in,}z)OO - _ 16713'[00, (A2)

VZinZOO =0 (A3)
where

V2 &

= ox%ox
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We take as the solution to (A.2), (A.3)

5
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in, 00 _ AOO
b

where A°° is independent of X°.

On using (A.5) and harmonic coordinates, the field equations will further yield

o*ab (ynzoo ainzoo : ainzoo ain.‘,OO
V2ot = —— —— —16nT*,
ﬁ 8§ oxt ox* 4 XX 4

VZ in,\’,ab — 0’
5

and integrability condition

0T00 aTOa
2 + 3

& % 0

For large R = (¥°%°)'/2, solutions to (A.6), (A.7) will take the form

"y = 2 & f To0zezt die2n £ f QT®%" - T’ d°%
4 R o2 R* 0t

M?2n*n®
R2

yab = Aab

5

+ +O(R™3),

where M = Iz-oo d*x = constant (by A.8), and A is independent of X°.

Far from the sources, we must treat derivatives with respect to X° and

1863

X% on the same

basis. Consequently, in this far region, we introduce the far variables t = Ax% X° = A%".

We assume that in this outer region y** may be expanded in 4 as follows

vo _ '{3 far,y +;ﬂ4 far,yoo + ...
3 4

,yOa = '14 t'ar.yOa_{_
4

,yab='15far,y +l16far ab+ ey
5 6

where f2'y#" are functions of (¢, X*).
In the outer region the field equations

G+ = 0,
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on using harmonic coordinates, yield

DZfar.VOO _ 0, (A.ll)

3

DZ far,yab = 0’ (Alz)

5
{ afar.yOO 6far.},00 5ab afar.yOO afar.yoo afar,yOO
DZ far.yab - - 3 3 _ 3 + 3 3 , (A13)

' T4 0X° 0X° 8 o 0X° 8x°
where
D2 — f__az_
FI). &) &

We assume that "% is sufficiently described by a monopole, then

%0 = —, (A.14)

where D = (X°X%"2, and W°° depends on (t, X°) through (t—D). On expanding in
in,00 for large R
2

. M
in,,00 _ "7 -2
)2) R +O(R™%),
and so on matching (Burke 1971) the solutions obtained so far for the inner and far fields,
we obtain that W% = M.

We take solutions to (A.12), (A.13) to be

Wab Vabc’ Vabc
far,,ab 1 ¢ 1 1
aryab _ +20) A1S
] D+n(D w) (A.15)
Wab Vabc’ Vabc MZnanb
far,ab _ 2 cl 2 2 - A.l16
Z D +n( bt ) D2 (A.16)

where W, W, Vi, V3¢ depend on (t, X°) through (t—D), and the prime denotes
differentiation with respect to (¢t — D). It should be noted that for correct matching with
the far far field solutions (4) one must neglect advanced solutions in obtaining (A.15) and
(A.16). Matching up (Burke 1971) expressions for the inner and far fields obtained so far,

we find that
62 J‘ TOO d3—)
— x .
atz 2 lt=t—-D

W =2
yabe — 0, W = 0, (A.17)

and

0
abc __ Oazb) _ T O0cgagzh 3=
yabe = 2|i—atf (ZZ" X Z’ x°x°)d x:||:=:—o
We limit the behaviour of AQ so that {* AQ = O(47), and then the trivial matching

of the far region and the far far region solutions yields the approximation to b* given
by formula (9).
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